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Traditional single-pixel imaging uses Fourier patterns to
modulate objects in the Cartesian coordinate system. The
Cartesian Fourier pattern of single-pixel imaging is inap-
propriate to display in a circular field of view. However, a
circular field of view is a widespread form of display in com-
puted optical imaging. Here, circular patterns are adopted
to adapt to the circular visual area. The circular patterns
are displayed in polar coordinates and derived from two-
dimensional Fourier transform in polar coordinates. The
proposed circular patterns have improved imaging efficiency
significantly from 63.66% to 100%. The proposed polar
coordinate Fourier single-pixel imaging is expected to be
applied in circular field-of-view imaging and foveated imag-
ing. © 2023 Optica Publishing Group

https://doi.org/10.1364/OL.479806

Foveated imaging mimics the human visual system [1,2], which
grasps active foveation of the area of interest with high angu-
lar resolution across a circular visual field. With these unique
characteristics, foveated imaging provides a much higher reso-
lution in terms of capturing target detail compared to uniform
resolution imaging acquisition under the same pixel condition.
Increasing pixel number is a severe obstacle for single-pixel
imaging, which reconstructs an image through massive patterns.
Thus, foveated imaging is a natural algorithm for single-pixel
imaging to improve target detail recognition in the circular visual
field. However, the patterns employed in single-pixel imaging
are generated under Cartesian coordinates, which cannot make
the most use of the circular field of view [3–7].

There are four main ways to realize foveated imaging: multi-
camera systems; optical lens design; foveated imaging sensors;
and computational methods. The multi-camera system consists
of different focal length cameras so that images with various
fields of view are obtained by different cameras. Then, these
images are integrated to achieve both a large field of view and
foveated imaging [8]. To reduce the number of cameras, opti-
cal lens designing is proposed to achieve foveated imaging with
only one camera. The optical lens design of the camera is derived
from the distortion characteristic of the lens [9]. With the devel-
opment of array detectors, foveated CCD sensors exhibit high
resolution in the center of sensors and a relatively poor resolution
on the edge. Foveated CCD sensors are manufactured to achieve
foveated imaging, mimic the human visual system, and be capa-
ble of adapting to various conditions [10]. Recent research in

computational methods such as computer vision is also used
to achieve foveated imaging [11,12]. Compared to traditional
foveated imaging methods, the computational method transfers
the difficulty from the manufacturing technique to algorithm
optimization.

Single-pixel imaging [7,13–15], a method of computational
imaging, uses a photodetector (PD) instead of array detector
and encodes spatial information in the temporal dimension. To
obtain spatial information, multiple patterns have to be gener-
ated to modulate a single object. For example, 250,000 random
square patterns are needed for reconstructing the object with
500 × 500 resolution [16,17]. To achieve the same 500 ×

500 level of resolution with fewer patterns, single-pixel imag-
ing using Hadamard or Fourier square patterns is proposed.
The Hadamard or Fourier technique is able to reduce the
number of patterns used by one order of magnitude—25,000
[4,18,19]. The number of patterns needed increases explosively
for higher resolution, such as 1024 × 1024. Regardless of ran-
dom, Hadamard, and Fourier patterns, increasing pixel numbers
is a tremendous obstacle for single-pixel imaging. Therefore, to
achieve higher resolution and, at the same time, limit the num-
ber of patterns used, a new method of single-pixel imaging is
pressing.

Foveated imaging provides a new approach for single-pixel
imaging to improve the image resolution [20,21]. A satisfac-
tory resolution is obtained in the region of interest (ROI) by
illuminating the object without requiring the explosive spike of
patterns needed. Traditional Fourier single-pixel imaging are
encoded in Cartesian coordinates, and square patterns are often
employed. However, a microscope and optical fiber mostly entail
circular visual fields. Therefore, research for circular patterns is
necessary.

In this paper, the circular polar coordinate Fourier pattern
(CPCFP) is proposed to be employed in single-pixel imag-
ing. CPCFP is compatible with a circular visual field. We
have demonstrated that single-pixel imaging using circular pat-
terns is more efficient in a circular visual field compared to
using square patterns. The reconstructed image quality is bet-
ter when demonstrated using CPCFP in comparison to the
traditional method. The paper is organized as follows. First,
the principle of CPCFP is demonstrated. Then, simulation and
experiment of single-pixel imaging are conducted using CPCFP,
and the quality of the reconstructed image is analyzed. Finally,
microscopy experiments with different compressed sampling
ratios are demonstrated.
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Fig. 1. (a) Square pattern in the Cartesian coordinate system. (b)
Circular pattern transformed from a Cartesian coordinate system to
a polar coordinate system. (c) Numerical approximation error of the
circular pattern in the left transformation.

In the traditional foveated single-pixel imaging, randomly dis-
tributed mosaic patterns are employed accordingly for optical
modulation [21]. However, circular Fourier pattern modulation
is derived from polar Fourier transform (PFT), in which all sig-
nals including 1D and 2D signals can be decomposed into the
combination of cosine curves and Bessel curves of different
frequencies. Low-frequency signals have higher weight coeffi-
cients compared to high-frequency signals. Accordingly, a small
amount of low-frequency data is adequate for reconstructing the
original signals. To conduct compressed single-pixel imaging
under a circular field of view, we generated CPCFP with dif-
ferent frequencies. Here, the Fourier patterns are transformed
from square to circular to fit the circular field of view. In the
polar coordinate system, each point or line is determined by two
independent variables—angle coordinate (θ) and radial coor-
dinate (r), corresponding to abscissa (x) and ordinate (y) in
the Cartesian coordinate system. As is shown in Fig. 1, the
two-dimensional sinusoidal pattern in the Cartesian coordinate
system is transformed into a circular sinusoidal pattern in the
polar coordinate system. The variables of r and θ in the polar
coordinate system are expressed mathematically as

r =
√︂
(x − x0)

2
+ (y − y0)

2, (1)

θ =

{︃
arccos

(︁ x−x0
r

)︁
, y ≤ y0,

2π − arccos
(︁ x−x0

r

)︁
, y>y, (2)

where (x0, y0) represents the center of the circular patterns.
Figure 2 shows the efficiency of square patterns used in a

circular field of view. Obviously, four corners of the object are
unavailable due to square patterns modulation in the circular
field of view. Therefore, the efficiency of square patterns η is

Fig. 2. Demonstration of the square pattern in the circular visual
field. The square pattern is unadapted to the circular visual field.
The four corners of the object are undetectable areas in the circular
field of view.

Fig. 3. Sequence of proposed two-dimensional circular patterns.
(a)–(d) Set of patterns with a four-step phase shift 0, π

2 , π, 3π
2 . More

details are given in Supplement 1.

calculated as

η =
Ss

Sc
=

d2

πr2 =
2
π
= 63.66%, (3)

where Sc and Ss are areas of the circular pattern and square
pattern, respectively, and r and d are the radius and diame-
ter of the circular field of view, respectively. The efficiency of
the circular pattern is 100% while the efficiency of the square
pattern is only 63.66%. We can see that the square pattern
could be amplified to cover the circular field of view, but the
four corners are useless and redundant for circular single-pixel
imaging.

To improve the imaging efficiency, a sequence of circular
Fourier patterns is proposed in Fig. 3. The circular Fourier
pattern P is mathematically expressed as

P(r, θ; ϕ) = 2
Jn

(︂
jnk jnl
jnN1

)︂
jnN1 J2

n+1 (jnk)
cos(

2πnp
N2
+ ϕ), (4)

where ϕ = 0, π

2 , π, 3π
2 . Here, r = jpkR

jpN1
and θ = 2πp

N2
, where r and

θ are the radial and angular coordinates in the spatial domain,
respectively. Additionally, R is the space limit, n is the order
of the Bessel function, Jn. Furthermore, jnk, jnl, and jnN1 are the
kth, lth, and N1th zeros of the n-order Bessel curve, respec-
tively (see Supplement 1 for a full description). Here, the
diameter of the patterns is 127. The center of the patterns is
located at the Cartesian coordinate (64,64). The radial unit
is 1, and the angle unit is 2π

127 . There are 127 × 127 × 4 =
64, 516 different circular patterns in total, for a four-step phase
shift.

The frequency components of the reconstructed object,
expressed in the proposed polar coordinate, are measured by

F(n, l) =
N1−2∑︂
k=0

M∑︂
p=−M

P(r, θ) f(k, p). (5)

In Eq. (5), p = −M ∼ M, l = 0 ∼ N1 − 2. Here, N1 is the num-
ber of sample points in the radial direction, f(k, p) refers to
the object to be reconstructed, F(n, l) is the frequency informa-
tion in polar coordinate and is obtained through measuring the
photoelectric response in the process of the pattern modulation.

F(q, l) =
M∑︂

n=−M

F(n, l)e
2π inq

N2 . (6)

The frequency components of the object expressed in polar
coordinates are then obtained by the Fourier transform of F(n, l).
In Eq. (6), the variable n of the Bessel function order is trans-
formed to angle frequency component q in the polar coordinate.
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Fig. 4. Simulation and experimental result. (a) USAF-1951 target
object to be reconstructed. (b) Simulation result of the target. (c)
Experimental result of the target. (d) Energy distribution in the polar
Fourier spectrums of the target.

After all frequency components of the object are measured, the
object could be reconstructed by

f(k, p) = IPFT(F(q, l)), (7)

where IPFT refers to inverse polar coordinate Fourier transform.
Object f, the target to be recovered, is reconstructed through
IPFT.

Here, the simulation experiment that reconstructs image of
the target using the proposed CPCFP is validated. The object
to be recovered is USAF-1951 target in Fig. 4(a). The result is
shown in Fig. 4(b). An experiment of CPCFP single-pixel imag-
ing is achieved in the following scene. Sequences of CPCFP
are projected onto the object by a digital light projector. The
reflected lights are measured by a PD, which is used to calcu-
late Fourier data in the frequency domain. In the experiment,
the diameter of the proposed circular patterns is 127. We suc-
cessfully measured 100% of the frequency data for USAF-1951
target reconstruction. The number of CPCFPs used to modu-
late the target is 64,516. The reconstructed target is shown in
Fig. 4(c). The Fourier spectrums are shown in Fig. 4(d).

We have demonstrated that compressed sampling is also effi-
cient in the proposed CPCFP of polar coordinate single-pixel
imaging, except for Cartesian coordinate Fourier single-pixel
imaging. The sequence of the CPCFP is symmetrical along angle
frequencies, as shown in Eq. (8), so half of the measurements
are redundant:

J−α(x) = (−1)αJα(x). (8)

Here, α is 1 to 63 for the angle size of 127. It means that the
target can be reconstructed using undersampling technology.
We used simple square sampling as our frequency sampling
strategy for demonstration. As shown in Fig. 5, the frequen-
cies along the angle and radial directions are rearranged to the

Fig. 5. (a) Frequency sampling strategy in the polar coordinate
Fourier single-pixel imaging. (b) Frequency sampling strategy in
the Cartesian coordinate Fourier single-pixel imaging.

Fig. 6. Polar coordinate Fourier single-pixel microscopy imag-
ing.

Fig. 7. Polar coordinate Fourier single-pixel microscopy imaging
results using the undersampling method: (a) 1% frequency; (b) 2%
frequency; (c) 3% frequency; (d) 4% frequency; (e) 5% frequency;
(f) 10% frequency; (g) 20% frequency; (h) 30% frequency; (i) 40%
frequency; (j) 50% frequency.

array. We sampled the area from low frequency to high fre-
quency [Fig. 5(a)], similar to the sampling strategy adopted in the
Cartesian coordinate Fourier single-pixel imaging [Fig. 5(b)].

To demonstrate the advantage of the proposed CPCFP modu-
lation method, we have setup a microscopy light path to perform
circular Fourier single-pixel imaging. As shown in Fig. 6, an
optical screen is used for displaying modulation patterns, and
the patterns are then imaged on the target by microscopic lenses
1 and 2. The modulated light is measured by a PD finally. The
patterns that modulate the target are circular, adapted to the
circular field of view in the lens imaging path. The size of the
pattern is 127×127 along the angle and radial directions, respec-
tively. As shown in Fig. 7, we have demonstrated microscopy
imaging under sampling ratios of 1%, 2%, 3%, 4%, 5%, 10%,
20%, 30%, 40%, and 50%. The center area of the microscopy
field of view is reconstructed with higher resolution compared to
the surroundings. Particularly, the reconstruction quality of the
center area is satisfactory when the sampling ratio is above 2%.

The performance of the proposed CPCFP single-pixel imag-
ing is satisfactory in the center area with fewer patterns
modulation. We have demonstrated modulation performance in
comparison with the traditional Fourier single-pixel imaging.
The reconstructed target in the Cartesian coordinate showcased
the difference. As shown in Figs. 8(a)–8(c), the target is recov-
ered using patterns under Cartesian coordinates. The size of the
used patterns is 128×128 along the x and y axes, respectively.
Figures 8(d)–8(f) are the recovered target using polar coordi-
nate patterns modulation, and the size of patterns is 127×63
along angle and radial, respectively. Figure 8(g)–(i) are still the
recovered target using polar coordinate patterns modulation, but
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Fig. 8. (a)–(c) Size of 128×128. Results are recovered by Carte-
sian coordinate Fourier single-pixel imaging and the sampling ratios
are 2%, 3%, and 4% respectively. (d)–(f) Size of 127×63. Results
are recovered by polar coordinate Fourier single-pixel imaging and
the sampling ratios are 4%, 6%, and 8%, respectively. (g)–(i) Size
of 127×127. Results are recovered by polar coordinate Fourier
single-pixel imaging, and the sampling ratios are 2%, 3%, and 4%,
respectively.

the size of patterns is 127×127 along angle and radial direc-
tions, respectively. The results in each column of Fig. 8 are
reconstructed with the same number of modulation patterns.
Comparing results in rows one and two, we can see that the
foveated area recovered by the CPCFP modulation method is
better under the same compressed sampling rate. The quality of
the foveated area converges rapidly using polar coordinate pat-
terns. During the process of foveated imaging, the center area
is reconstructed well at the cost of its surrounding area being
blurred. By comparing results in row two and row three, it is also
clear that the resolution of reconstructed center area is enhanced
by increasing the pattern size from 63 to 127 along the radial
direction.

We have demonstrated single-pixel imaging based on polar
coordinate FT to adapt to a circular field of view. The proposed
imaging method’s modulation patterns are naturally circular and
foveated. Compared to traditional single-pixel imaging based on
the Cartesian coordinate Fourier transform, the proposed method
has the advantage of foveated imaging, which is expected to be
applied in a large field of view imaging.

In conclusion, the proposed CPCFP single-pixel imaging is
applied appropriately in the circular field of view. Compared

to the efficiency of a square Fourier pattern in Cartesian coor-
dinates, the efficiency of the CPCFP increased from 63.66%
to 100%. In addition, the proposed polar coordinate Fourier
single-pixel imaging is naturally suitable for foveated imaging
since pixels of the reconstructed image are convergent in the
center area and divergent in the outer area.
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